This paper is concerned with global existence of large solutions to the initial-boundary value problem of the planar magnetohydrodynamic compressible flow. Under the assumptions that viscosity and heat conductivity coefficients are constants, magnetic diffusion is a function of the specific volume, we obtain the global existence of strong solutions. Some new methods are developed to deal with the complex interaction between the hydrodynamic and magnetodynamics effects.
Introduction
Magnetohydrodynamics (MHD) studies the motion of conducting fluids in an electromagnetic field with a very wide range of applications from liquid metals to cosmic plasmas, see [3, 5, 8, 11, 34, 41] . For convenience of the reader, before giving planar MHD equations, we first give the following general three-dimensional MHD equations: where ρ denotes the density, u ∈ R 3 the velocity, B ∈ R 3 the magnetic field, θ the temperature, ν the magnetic-diffusion coefficient of the magnetic field, and κ the heat conductivity.
T is the viscous stress tensor given by
with viscosity coefficients μ and λ satisfying μ > 0, 2μ + 3λ ≥ 0, and ∇u is the transpose of the matrix ∇u, I is the 3 × 3 identity matrix,
is the total energy, where E = ρ(e + 1 2 |u| 2 ) is the energy density of fluid, which is composed of the kinetic energy density 1 2 ρ|u| 2 and the internal energy density ρe, 1 2 |B| 2 is the magnetic energy. For an ideal polytropic gas, the pressure p and internal energy e are given by the following equations of state:
where R > 0 is the gas constant, and c v > 0 is heat capacity at constant volume. We consider a three-dimensional MHD flow in the domain [0, 1] × R 2 with spatial variables x = (x 1 , x 2 , x 3 ), which is moving in the x 1 direction and uniform in the transverse direction (x 2 , x 3 ), we denote x = x 1 , then we have
where w = (u 2 , u 3 ) is the transverse velocity and b = (b 2 , b 3 ) is the transverse magnetic field; u and b are the longitudinal velocity and longitudinal magnetic field, respectively. From (1.1) 4 we know that b is a constant and we take b = 1 without loss of generality. After direct calculations, Eqs. (1.1) can be reduced to the following planar MHD equations in Ω = [0, 1]: (1.4) where λ = λ + 2μ > 0. Now, we introduce the Lagrangian variables (t, y), where y = y(t, x) =
x 0 ρ(t, ξ ) dξ . Without loss of generality, we take 1 0 ρ 0 (x) dx = 1. Since y is increasing in x and 1 0 ρ(t, x) dx = 1 0 ρ 0 (x) dx = 1, (1.5) we have y ∈ [0, 1]. Then Eqs. (1.4) in Euler coordinates (t, x) can be transformed into the following system in Lagrangian coordinates (see [6] ): Moreover, from (1.6), we have the temperature equation
In this paper, we consider the initial-boundary value problem of (1.6) in a bounded spatial domain Ω = [0, 1] with the following initial and impermeable, thermally isolated boundary conditions:
(v, u, w, b, θ )| t=0 = (v 0 , u 0 , w 0 , b 0 , θ 0 )(y), y ∈ Ω, (1.9) (u, w, b, θ y )| ∂Ω = 0, (1.10) where the initial data satisfy compatibility conditions. There have been a lot of studies on MHD equations according to the efforts of physicists and mathematicians because of its physical application and mathematical being challenging, see [4, 5, 12, 15, 17, 23, 24, 35] and the references cited therein. First, let us recall some well-posedness results of (1.6). In 1972, Vol'pert and Hudjaev first proved the existence and uniqueness of local smooth solutions in their famous paper [39] . In 1982, Kawashima and Okada [23] showed the existence of global smooth solutions with small initial data. For large initial data, the pioneering work can be traced back to Kazhikhov [26] for the following simplest one-dimensional MHD equations in 1987:
with the initial and boundary conditions:
He proved the global existence of strong solutions when all coefficients are positive constants. Under the growth condition
Zhang and Zhao [43] obtained the global strong solution of (1.11) with q ≥ 0, ν = 0, and the non-resistive limit result with q > 0, ν > 0 when the initial density is strictly positive.
Recently, Li and Jiang [30] obtained the global well-posedness of strong and weak solutions to the Cauchy problem of (1.11) with ν = 0.
Remark 1.1 When we take u = (0, 0, u)(t, x), B = (0, 0, b)(t, x) in (1.1), we have the following simplest one-dimensional MHD equations in Euler coordinates:
from which one deduces (1.11) after a Lagrangian transformation as mentioned in planar MHD equations.
Compared with (1.11), due to the coupling between transverse velocity and transverse magnetic field in (1.6), we cannot get b ∈ L ∞ ([0, T]; L ∞ (Ω)) directly, which is one of the difficulties in planar MHD equations. Now, let us turn back to recall some known results of (1.6) with variable and constant magnetic diffusion, which the heat conductivity depend on temperature. In 2002, under some growth conditions of pressure and internal energy, the existence and uniqueness of global strong solutions were proved by Chen and Wang for free boundary problem [6] and by Wang for the initial-boundary value problem [40] , when the heat conductivity κ(v, θ ) satisfies
for q ≥ 2, and the viscosities λ, μ, magnetic diffusion ν satisfy
where κ i , λ i , μ i , ν i (i = 0, 1) are some positive constants. Chen and Wang [7] also proved the Lipschitz continuous dependence of solutions on the initial data for perfect gas when coefficients are independent of the specific volume. For global weak solutions, we refer to [15, 16, 19] and the references cited therein. Recently, under the assumption
for q > 0, Hu and Ju [20] proved the global existence of strong solutions to initial-boundary value problem (1.6)-(1.10), which was extended by Fan et al. [14] to the case when the initial data allow for vacuum. Also see [13] when transverse velocity is not of concern and the resistivity coefficient is taken ν = 0. Estimates on the thickness of the boundary layer and vanishing shear viscosity limit were studied by Qin et al. in [35] . For planar MHD equations coupled to self-gravitation and radiation effects, the global existence of a classical solution can be found in [42] . Very recently, Li studied non-isentropic and isentropic planar MHD equations in Refs. [28] and [29] , respectively, where global strong solutions with the initial density is bounded below away from vacuum and allowed vacuum are proved when the resistivity coefficient ν = 0. Now, we make some remarks on the proof of global existence when the heat conductivity is a power function of the temperature. The key point is to obtain the upper bound of the specific volume. Conditions (1.16) with q ≥ 2 in [6, 7, 40] and condition (1.18) with q > 0 in [20] are crucial in the entropy estimate to obtain the upper bounds of the θ L 1-α (0,T;L ∞ ) and b L 2 (0,T;L ∞ ) , for any 0 ≤ α ≤ 1. In fact, these two norms can be used to give the representation of the specific volume by the classical method proposed in [27] . In other words, the upper bound of the specific volume can be achieved through the upper bounds of the above two norms. Moreover, after having the upper bound of v, θ L 1-α (0,T;L ∞ ) can be improved to θ L 1+α (0,T;L ∞ ) , from which, combined with the momentum equation, estimates on the first-order derivative of specific volume can be established. Then there follow the estimates on the higher-order derivatives of solutions by using the standard energy method.
However, the results about the global existence of planar MHD equations with constant heat conductivity (the case q = 0) are very limited, even though the corresponding problem for the Navier-Stokes equations was solved in [27] a long time ago. For local and global existence of strong solutions to the Navier-Stokes equations with constant viscosity and heat conductivity, we refer to [9, 10, 21, 22, 25, 27, [31] [32] [33] 38] and the references cited therein. Our mission in this paper is to establish the global existence of strong solutions to (1.6)-(1.10) when μ, λ, κ are constants and the magnetic diffusion ν(v) is a function of v with first-order derivative continuity satisfying
Remark 1.2 When the conducting fluid has free electrons inside, the induced current is formed under the action of the electromagnetic field, which produces Joule heat and makes the electromagnetic energy consume. Then the electromagnetic energy is converted into heat energy during the transmission process. When the fluid is close to vacuum, the magnetic flux propagates with almost no attenuation and speeds up the magnetic-diffusion process. In this sense, condition (1.19) is reasonable and it will be used to yield some estimates on the upper bound for the specific volume.
We now make some comments on the global existence of large solutions to planar MHD equations with heat conductivity in the form of (1.18) for q = 0. Compared to the case of the temperature-dependent heat conductivity, it causes some essential difficulties. From the point of view of physics, the dissipative effect decreases for the high temperature.
Mathematically, the power relation between the heat conductivity and the temperature is lost, which is essentially needed to derive the upper bounds of the specific volume and the temperature. The main difficulties in the proof is to obtain the upper bound of the specific volume and the estimate on the first-order derivative of the specific volume. More precisely, our analysis can be outlined as follows:
(1) Upper bound of the specific volume. When the heat conductivity is a constant, the regularity of both the temperature and the magnetic field cannot be improved in the same way as in the temperature-dependent case. Hence, the methods proposed in Ref. [6, 20, 40] are no longer applicable. Therefore, new techniques need to be developed. We first give a representation of the specific volume in terms of the full pressure (p + |b| 2 2 ) to get the lower bounds of v and θ . Second, we obtain an entropy-type energy estimate involving the dissipative effects of viscosity, magnetic diffusion, and heat diffusion, from which, θ L 1-α (0,T;L ∞ ) can be obtained when α is close to 1. Then the combination of the entropy estimate and the assumption (1.19) implies b L 2 (0,T;L ∞ ) . With these regularities of the temperature and the magnetic field, the upper bound of the specific volume can be obtained.
(2) Estimate on the first-order derivative of the specific volume.
On the other hand, due to the restriction of the narrow range of α in the entropy estimate, θ L 1+α (0,T;L ∞ ) cannot be estimated for any 0 ≤ α ≤ 1 as well as in temperature-dependent case. Hence, we cannot obtain the bound of v y (t) L 2 directly, which is essential in deriving the upper bound of the temperature and the higher-order estimates of solutions. To overcome such difficulties, we give a new representation of v y (t) L 2 from the momentum equation (1.6) 2 , in which we find that only θ y L 2 (0,T;L 2 ) need to be estimated. Then we turn to the temperature equations (1.8), however, due to the complex interaction between the hydrodynamic and magnetodynamic effects, we need additional estimates on θ u 2 y L 1 (0,T;L 1 ) , θ w 2 y L 1 (0,T;L 1 ) and θ b 2 y L 1 (0,T;L 1 ) with temperature as weight. For this, we propose some new estimates to deal with the cross term of the fluid and the magnetic field. In the following theorem we show that (1.6)-(1.10) admit a unique global strong solution when the initial data (v 0 , u 0 , w 0 , b 0 , θ 0 )(y) belong to H 1 × H 2 × H 2 × H 2 × H 2 . Furthermore, the solution could be classical if the initial data have better regularity.
Theorem 1.1 Suppose that viscosities μ, λ, heat conductivity κ are constants and magnetic
and there exists a positive constant C 0 such that
then (1.6)-(1.10) admit a unique global strong solution (v, u, w, b, θ )(y, t) such that, for any 20) and, for any (y, t)
where C > 0 is a constant depending only on the initial data, T and the parameters of the system.
for some η ∈ (0, 1), then (1.6)-(1.10) admit a unique global classical solution such that, for
and for any (y, t)
Remark 1.4 As a special case of (1.19), in this paper we can take
which satisfies the following condition (1.27) given by Guo and Xie [18] , they studied the existence of global weak solution for a generalized quantum MHD equations and gave a physically grounded assumption that magnetic diffusion is a continuous function of the specific volume and there exists B > 0 such that
In this paper we do not need any restrictive conditions as (1.17) and (1.27) which are imposed on the upper bound of the magnetic diffusion. For similar restrictive conditions we refer to [1, 2, 37] , and the references therein.
Remark 1.5 When a more detailed description about magnetohydrodynamics is needed, for instance, whenever one deals with phenomena with characteristic length scales comparable or smaller than the ion skin depth, d i = c/ω pi , with ω pi as the ion plasma frequency, c is speed of light, the Hall effect which takes into account the relation between electrons and ions cannot be neglected and we need Hall-MHD equations to describe this kind of flow. A well-known reason is that, for scales below d i , it becomes inaccurate to make the approximation that the magnetic field is carried by the bulk flow of ions. From the structure of the following planar Hall-MHD equations:
where is a Hall parameter, A is the constant coefficient matrix
and A is the transpose of the matrix A, we can see that similar results to Theorem 1.1 and Remark 1.3 can be obtained by using the techniques of this paper with some modifications.
At the end of this paper, we will give a brief derivation of model (1.28) and prove the global existence of a strong solution for the planar Hall-MHD equations (1.28) with initialboundary conditions (1.9) and (1.10).
The existence of local solution can be obtained by the standard method based on the Banach fixed point theorem on a small time interval (cf. [31] ). The global existence of strong solution will be proved by the method of extending the local solution with respect to time through the a priori global estimates.
The rest of this paper is organized as follows. In Sect. 2, we establish the a priori estimates on the bounds of the specific volume. In Sect. 3, we focus on the L 2 -norm of v y , then estimates on the first-order derivatives of solutions are obtained. In Sect. 4, we get the estimates on the higher-order derivatives of solutions by standard energy method. From the a priori estimates proved above and continuation argument, we extend the local solution to the global one. Finally, in Sect. 5, global existence of strong solution for Hall-MHD equations is proved for the completeness of Remark 1.5.
Notation For simplicity of the presentation, we take μ = λ = κ = R = c v = 1. Based on the local existence theorem, we assume that (v, u, w, b, θ )(y, t) is the unique strong solution of (1.6)-(1.10) defined on [0, 1] × [0, T] for some T > 0. In the following, C > 0 denotes a generic constant, which may depend on T and may vary from place to place.
A priori estimates on the bounds of the specific volume
Now, we will derive a sequence of a priori estimates in the following lemmas to prove Theorem 1.1. In this section, we first give a representation of v and obtain the lower bound of v and θ in Lemma 2.1. Then, through careful analysis, we obtain an entropy-type estimate and the upper bound of v in Lemma 2.2 and Lemma 2.3, respectively.
First of all, from (1.6), we obtain the conservation of mass and energy
In the following lemma, we use Kazhikhov's method [27] to derive a representation of the specific volume v and prove the lower bounds of v and θ , which lay the foundation of the global existence.
Proof The proof will be divided into three steps.
Step 1. Representation of the specific volume v. We set
where a 1 (t) ∈ [0, 1] is a function of t and will be determined later. On the other hand, since
Multiplying θ on both sides of Eq. (2.7) and integrating the result over [0, t], we get
Step 2. Lower bound of the specific volume v. We now determine a 1 (t). From the definition of h, we obtain
Then, using v t = u y and h y = u, we get
Integrating We assume that
it is easy to see that
Step 3. Lower bound of the temperature θ . Multiplying (1.8) by θ -2 , we have
Then, multiplying the above equation by 2r( 1 θ ) 2r-1 , integrating the result in y over [0, 1] and using the boundary condition (1.10), we have
where r is a natural number. Using the Hölder inequality, it is easy to see that
Let r → ∞, we can get θ ≥ C -1 . This completes the proof of Lemma 2.1.
In order to explore the dissipation mechanism of compressible magnetohydrodynamics equations and obtain an entropy-type estimate, we recall Gibb's equation
From equations of the state for perfect gas imposed in (1.7), one can choose the specific entropy
With the aid of (1.6) 1 and (1.8), we have
Next, we give the following entropy estimate, from which, θ L 1-α (0,T;L ∞ ) can be obtained when α is close to 1. It is essential in our proof. In one more step, we notice the fact 
We use the fact that Next, we give the proof of (2.29). Since 1 0 θ dy ≤ C, there exists a 2 (t) such that θ (a 2 (t), t) ≤ C for any t ∈ [0, T]. Therefore, with the help of (2.20) and (2.37), we have 
A priori estimates in H 1 space
In this section, we mainly derive the estimates on the L 2 -norm of v y in Lemma 3.1. Then, by the standard energy method, estimates on the first-order derivatives of solutions are given in Lemmas 3.2-3.3 and the upper bound of θ is obtained in Remark 3.1.
Due to the restriction of the narrow range of α in the entropy estimate, we cannot obtain the bound of v y (t) L 2 directly, which is essential in deriving the upper bound of the temperature and the higher-order estimates of solutions. To overcome such difficulties, in the following lemma, we give a new representation of v y (t) L 2 for the planar MHD equations, which is motivated by Kanel''s work [22] for isentropic Navier-Stokes equations. In addition, we propose some new estimates to deal with the cross term of the fluid and the magnetic field. 
Step 
Integrating the above result over [0, 1] × [0, t], with the help of (2.30), we obtain Step 2. Estimations of θ y L 2 (0,T;L 2 ) . In order to estimate the right-hand side of the above inequality, we multiply (1.8) by θ , and integrate the resulting identity over [0, t] × Ω to find 
Furthermore, in order to estimate the last term on the right-hand side of the above equation, we multiply Eqs. (1.6) 2 , (1.6) 3 , (1.6) 4 by 2uθ , 2wθ and 2bθ , respectively, and integrate the resulting identity over [0, t] × Ω, and we have 1 0 θ 2 + u 2 θ + |w| 2 θ + |b| 2 vθ dy Next, we will estimate the terms on the right-hand side of the above equation one by one. First, it follows from the bounds of the specific volume that, for any δ > 0, 
Step 3. Estimate on the cross term of the fluid and the magnetic field. In order to estimate the terms on the right-hand side of inequality (3.15), we multiply (1.6) 2 by u 3 and integrate the resulting equality over Ω × (0, t) to get 
Similar to the estimate on w, multiplying the above equation by -b yy , integrating the result from which we can get the estimate of θ t . Thus, we complete the proof of this lemma. 
A priori estimates on the higher-order derivatives of solutions
Finally, in this section, we derive the estimates on the higher-order derivatives of u, w, b and θ one by one in Lemma 4.1. Proof The proof will be split into three steps, which are concerned with the treatments of the velocity, magnetic field and temperature, respectively.
Step Step 2. Estimations of the magnetic field. Now, we turn to the estimate of b. Similarly, differentiating equation (1.6) 4 with respect to t, multiplying the result by (vb) t , integrating over [0, 1] × [0, t] and using (4.9), we arrive Thus, Theorem 1.1 can be proved by the method of continuation, i.e., extending the local-in-time solution to the global one through the a priori global estimates. If the initial data are Hölder continuous, we prove the global existence for classical solutions; we refer to [6] for details.
Global strong solution for planar Hall-MHD equations
In this section, we prove that, for the planar Hall-MHD equations (1.28) with initialboundary conditions (1.9) and (1.10), similar results in Theorem 1.1 can be obtained by using the techniques of this paper with some modifications, which is claimed in Remark 1.5. First, we give a brief derivation of model (1.28) and start from the following three-dimensional Hall-MHD equations (see [36] for details): where is a constant denoting Hall parameter. When one deals with phenomena with characteristic length scales comparable or smaller than the ion skin depth, the Hall effect, which takes into account the relation between electrons and ions, cannot be neglected. Then, by the same method as planar MHD equations in the introduction, we have the following planar Hall-MHD equations in Euler coordinates:
from which we deduce (1.28) after a Lagrangian transformation. The key observation in system (1.28) is that, after direct calculation, the temperature equation ( 
where the Hall term only appears in magnetic equation (5.3) 3 . Next, we show the global existence of strong solution for the planar Hall-MHD equations (5.3) with initial-boundary conditions (1.9) and (1.10). In fact, it follows from (1.28) 1 and (1.28) 5 that one can get the conservation of mass (2.1) and energy (2.2), respectively. Then, applying the same method as in Lemma 2.1-2.3 to system (5.3), lower and upper bounds of the density can be obtained due to the magnetic equation (5.3) 3 but they will not be used in the proof. For the a priori estimates on the first-order and higher-order of the global strong solution, we refer the reader to Sect. 3 and Sect. 4 and only need to modify the places where the magnetic equation (5.3) 3 is involved. Hence, the global existence of a strong solution for the planar Hall-MHD equations (1.28) with initial-boundary conditions (1.9) and (1.10) is proved.
